Probability of inflation in Loop Quantum Cosmology by Bedić, Suzana & Vereshchagin, Gregory
Probability of inflation in Loop Quantum Cosmology
Suzana Bedic´∗
ICRANet, P.le della Repubblica 10, 65100 Pescara, Italy and
ICRA and University of Rome “Sapienza”, Physics Department, P.le A. Moro 5, 00185 Rome, Italy
Gregory Vereshchagin†
ICRANet, P.le della Repubblica 10, 65100 Pescara, Italy
ICRA and University of Rome “Sapienza”, Physics Department, P.le A. Moro 5, 00185 Rome, Italy and
ICRANet-Minsk, National Academy of Sciences of Belarus, Nezavisimosti av. 68, 220072 Minsk, Belarus
We discuss how initial conditions for cosmological evolution can be defined in Loop Quantum
Cosmology with massive scalar field and how the presence of the bounce influences the probability
of inflation in this theory, compared with General Relativity. The main finding of the paper is
existence of an attractor in the contracting phase of the universe, which results in special probability
distribution at the bounce, quite independent on the measure of initial conditions in the remote past,
and hence very specific duration of inflationary stage with the number of e-foldings about 140.
I. INTRODUCTION
The concept of inflation has been originally proposed
[1–4] as a solution for various cosmological fine tuning,
essentially horizon, homogeneity and flatness problems.
An attractive side of inflation is that it can naturally pro-
duce small density perturbations which permit formation
of the observed large scale structure of the universe out
of quantum fluctuations [5]. However, the question about
initial conditions for inflation itself remains open. Since
there is no observational information from the early uni-
verse, one has to consider all possible initial conditions
and to draw conclusions about the probability of infla-
tion. Qualitative analysis of cosmological solutions in the
case of Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric and a massive scalar field φ performed in [6, 7] has
indicated the presence of attractor-like trajectories asso-
ciated with inflation, showing that inflationary phase in
cosmological evolution is almost generic.
Often pursued idea, as introduced in [8], is to define a
Liouville’s measure on the phase space of the system, for
instance for massive scalar field in the homogeneous uni-
verse, so called minisuperspace approximation. Despite
existing criticism (see e.g [9]), measure defined in this
way is widely used, due to lack of information about ini-
tial conditions or physical preference for particular states
of the universe. One of the objections has been the fact
that the total measure diverges, as a result of unbounded
volume variable [10], that can be treated in different ways
[11, 12], possibly leading to different results, for a re-
cent review see [13]. Attractor-like behavior found in [6]
seemed to contradict the Liouville’s theorem, which does
not allow for attractor solutions [14]. This issue has been
clarified in ref. [15], where the apparent attractor in the
phase space
(
φ, φ˙
)
, where φ˙ is time derivative of φ, is
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associated with an exponential increase of the physical
volume during inflation. There the measure is defined
on a surface of constant Hubble rate H and then, using
Hamiltonian constraint, is reduced to the form
Ω = g (H,φ) dφdv, (1)
where v is volume of the universe. Probability of some
states is given by the ratio of the integrals of Ω over a
part of the phase space containing those states to the
same integral taken over the whole phase space. Diver-
gence in both integrals is avoided by imposing a cut-off
in volume variable. Conclusion drawn from the analysis
is that inflation is generically highly probable for various
potentials and measures.
General relativity (GR) itself does not prescribe how to
set up initial conditions, and it was proposed in [6] that
the boundary of applicability of classical solutions (de-
fined from the equality of the energy density to Planck’s
value) can be chosen as the place where initial conditions
should be defined with equal probability in each point.
The discussion on possible choices of the measure is given
in [16], where in particular choices made in [6] and [8] are
compared. The conserved measure F is defined by the
vanishing divergence
∂i
(Fvi) = 0, (2)
where vi is Hamiltonian flow vector. The measure of the
finite bundle is defined by the integral over the part of
the hypersurface ∆S from which the bundle emanates
µ =
ˆ
∆S
Fvidsi, (3)
where dsi is the hypersurface element. The conservation
of such a measure along the flow and the fact that it
is independent of the choice of the initial hypersurface
are ensured by Eq. (2). It is argued that each partic-
ular choice of the measure corresponds to a choice of a
particular exact solution of Eq. (2) and there exists no
indication on physical ground how this choice should be
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2made. In other words, as such the choice of the measure
is arbitrary and additional external arguments should be
involved in order to specify it uniquely. In particular,
the choice made in [6] is based on the argument of in-
applicability of classical dynamics beyond the quantum
boundary.
Since the Liouville’e measure diverges for the flat k = 0
cosmological models [12, 15], qualitatively different ap-
proach is introduced by Remmen and Carroll [14] in con-
text of massive scalar field in flat FLRW universe within
GR. Instead of defining the measure on constant density
surface they showed in which sense
(
φ, φ˙
)
space can be
regarded as effective phase space. Considering the mea-
sure density f in this effective phase space they demon-
strated that such a measure exists for single scalar field
cosmologies, and that apparent attractor behavior corre-
sponds to the divergence of the measure f , which satis-
fies the same type of equation as Eq. (2) for the induced
Hamiltonian flow vector v.
Inflation, being very powerful idea in resolving sev-
eral problems of the Big Bang cosmology, does not pro-
vide a solution for initial singularity problem [17], despite
some set of nonsingular solutions within GR exists, e.g.
[18]. Loop quantum gravity [19–21] is a nonperturbative
background independent quantization of GR. Applica-
tion of its techniques to homogeneous systems is called
loop quantum cosmology (LQC) [22]. On the genuine
quantum level as a sort of general regularity result one
can consider a global boundedness of the matter energy
density operator in LQC. In terms of trajectories the reg-
ularity and in particular the presence of the bounce has
been established for several example models (varying in
matter content and the topology of Cauchy slices), which
include in particular the model of [23, 24]. More general
results have been obtained on the level of the so called
classical effective dynamics. In particular, for the model
admitting a massive scalar field with quadratic poten-
tial the regularity has been shown in [25]. The closest
to general statement in the context of isotropic LQC is
the content of work [26]. Hence in LQC the quantum
boundary is naturally replaced by a bounce on which the
energy density of the universe reaches maximum. One
may attempt to define the measure of inflationary solu-
tions at the bounce. The first treatment of the measure
problem in LQC along these lines is given in [27] follow-
ing the approach in [15], but with different regulariza-
tion of infinities. Allowing all possible initial conditions
at the bounce and constructing dynamical trajectories
numerically, it is found in ref. [27] that the probability
of inflation with more than 68 e-foldings (necessary to
explain observations) is almost unity for massive scalar
field in flat FLRW universe. Comparison of their result
and explanation of the apparent contradiction with the
corresponding one for GR, obtained in ref. [12], is given
in ref. [28]. However, setting initial conditions at the
bounce might look an artificial choice.
As the main feature of LQC cosmology with respect
to GR is the presence of the bounce, the question about
prebounce cosmological evolution, when the universe is
contracting, arises. Generally speaking, one can expect
that contracting universe is highly inhomogeneous and
anisotropic [29]. In absence of reliable description of such
contracting phase, following [30, 31], we adopt the same
cosmological equations of semiclassical LQC and study
the possibility to set up initial conditions in the remote
past of this cosmological model, namely in the contract-
ing phase prior to the bounce, characterized by the oscil-
latory behavior of the scalar field, and analyze the con-
sequences, in particular for the generality of inflation.
Our paper is organized as follows. In the next section
we introduce the system and relevant equations, summa-
rizing the effective dynamics in the LQC perspective. In
Sec. III we discuss different choices of the measure on
the set of initial conditions and explore three different
choices of the initial probability distributions. We dis-
cuss and interpret obtained results in Sec. IV which also
concludes the paper.
II. EFFECTIVE DYNAMICS IN LQC
In LQC the gravitational sector of the phase space
is denoted by two conjugate variables, connection and
the triad, which encode curvature and spatial geome-
try, respectively (see e.g. a review [32]). In this work
we consider only flat homogeneous and isotropic space-
time in which case the dynamical part of the connection
is determined by a single quantity labeled c and like-
wise the triad by a parameter p, related by the Poisson
bracket {c, p} = 8piGγ/3, where γ is the Immirzi param-
eter whose value γ ≈ 0.2375 is set by black hole entropy
calculation [19–21, 23, 33, 34]. Relation with the usual
GR scale factor a is
c = γa˙, p = a2. (4)
We set c = 1 and use Planck units; Planck length lPl =√
~G , mass MPl =
√
~/G and density ρPl = 1/~G2 .
While the gravitational variables c and p are directly
related to the basic canonical pair in loop quantum grav-
ity, the LQC equations are simpler in the coordinates
b =
c√|p| = γH, v = |p|3/22piG~γ = a32piG~γ , (5)
related by the Poisson bracket {b, v} = 2/~. H = a˙/a is
the Hubble rate.
Up to a good approximation, the quantum dynamics
of LQC can be described as an effective theory [35–37]
generated by an effective Hamiltonian constraint
Heff = − 3~
4γλ2
v sin2 (λb) +HM, (6)
3here λ2 = 4
√
3piγl2Pl is the ’area gap’, the lowest eigen-
value of the area operator in loop quantum gravity, and
HM is the matter Hamiltonian. In our case of a massive
scalar field φ with its canonical momentum Πφ = φ˙a
3
and potential V (φ) , it is given by
HM = 1
2
Π2φ
a3
+ a3V (φ) = a3ρ. (7)
Energy density and pressure of the scalar field are, as in
the classical case, given by
ρ =
1
2
φ˙2 + V (φ) , pφ =
1
2
φ˙2 − V (φ) . (8)
Using Hamilton’s equations for φ˙ and Π˙φ the equation
for the scalar field is obtained
φ¨+ 3Hφ˙+ V ′ (φ) = 0, (9)
where V ′ (φ) = ∂V/∂φ. Hamilton’s equation for v is
v˙ = {v,Heff} = −2~
∂Heff
∂b
=
3
γλ
v sin (λb) cos (λb) . (10)
Using the definition for v (5) we can rewrite v˙ as
a˙ =
a
γλ
sin (λb) cos (λb) . (11)
Now, combining (11) with the vanishing Hamiltonian
constraint, Heff = 0, we get modified Friedmann equa-
tion [24, 25]
H2 =
8piG
3
ρ
(
1− ρ
ρc
)
, (12)
with the critical density
ρc =
3
8piGγ2λ2
=
√
3
32pi2γ3
ρPl. (13)
For γ ≈ 0.2375 we have ρc ≈ 0.41ρPl, used in numerical
calculation. We will consider scalar field with the mass
m and potential
V (φ) =
m2
2
φ2. (14)
The main difference from the GR is realized as an ad-
ditional term, quadratic in energy density of the scalar
field, in Friedmann equation (12). It comes out that a
quantum geometric effect is negligible for small density,
and in the limit ρ ρc one recovers ordinary Friedmann
equation. In fact, in this limit, where the analysis of [6]
is valid, H can be expressed from (12) and substituted
into (9) leaving only two independent variables: φ and φ˙.
That is also possible to do in the bouncing cosmologies
(with two independent φ− φ˙ diagrams for both positive
and negative values of H), see e.g. [38]. However, a
quantum geometric effect has a strong effect when den-
sity is comparable to the critical one, see Fig. 1. Both
density and Hubble rate are bounded from above and,
going back in time, instead of running into singularity
with diverging physical variables, Hubble rate vanishes
as density approaches the critical value and universe un-
dergoes regular evolution through the bounce [39]
Figure 1: GR versus LQC inflationary solutions.
Reproduced from Ref. [25].
III. CHOICES OF THE MEASURE
As we pointed out in the introduction, LQC incorpo-
rates a regular evolution through the bounce and a de-
scription of the prebounce history. Thus, within LQC
it is natural to set up initial conditions in the remote
past [30], which in homogeneous and isotropic case cor-
responds to the contraction with oscillating scalar field.
As there is no unique way to choose the measure on the
initial surface, in what follows we consider three different
choices of measure.
One may argue for the naturalness of the particular
definition, as done in [8] for a measure obtained from the
symplectic form of a phase space. This measure diverges
for a flat universe, but the field variables completely
specify the system, defining the effective two-dimensional
phase space, and providing a way of finding on it the
unique measure, conserved under the Hamiltonian flow
vector. This is the approach developed in [14] and is the
base of our first choice of measure.
Another possibility is commonly assumed flat proba-
bility distribution. Particularly, we take the phase of the
field on the initial surface as a natural random parame-
ter, in accordance with the arguments in [6] and assumed
4in [30] with whom we compare our results. And, finally,
the third distribution we consider is arbitrarily chosen
step function in the angle variable.
A. Remmen and Carroll measure
In this subsection we introduce the notion of an effec-
tive phase space and probability measure defined on it,
following Remmen and Carroll [14]. The question they
discuss is if
(
φ, φ˙
)
space could indeed be considered as
an effective phase space and how, if at all, unique con-
served measure can be defined on it. We present here the
line of thought and main results, referring the reader to
[14] for the full derivation and accompanying discussion.
Being a 2n-dimensional symplectic manifold, phase
space Γ has a closed two-form defined on it;
ω =
n∑
i=1
dpi ∧ dqi, (15)
where
(
qi, pi
)
are canonical coordinates and their conju-
gate momenta. Liouville’s measure is then
Ω =
(−1)n(n−1)/2
n!
ωn. (16)
Liouville’s theorem states that this measure is conserved
along the Hamiltonian flow vector XH, that can be ex-
pressed by vanishing Lie derivative of Ω, LXHΩ = 0. In
canonical formulation of GR Hamiltonian is seen as a
constraint, i.e. trajectories are confined to a (2n− 1)-
dimensional hypersurface C in Γ,
C = Γ/ {H = const.} . (17)
Evolution of trajectories in C is described by Hamilto-
nian flow vector XH given by
XH =
∂H
∂pi
∂
∂qi
− ∂H
∂qi
∂
∂pi
. (18)
Space of trajectories then can be defined as M = C/XH.
Unique (under some reasonable conditions) measure on
M for FLRW universe is obtained from the symplectic
form ω by identifying the nth phase space coordinate as
time t [8], ω = ω˜ + dH ∧ dt. The corresponding measure
is
Θ =
(−1)(n−1)(n−2)/2
(n− 1)! ω˜
n−1. (19)
We can think of
(
φ, φ˙
)
space as an effective phase
space if it captures the entire dynamics of the system.
Eliminating a and a˙ from the dynamics, possible only in
flat FLRW model, and expressing H as a function of φ
and φ˙ by use of Friedmann equation, reduces Hamilto-
nian flow vector (18) to only two components, φ and φ˙. It
means that if we consider the map χ : C → K ∼=
(
φ, φ˙
)
defined by
χ
(
a, a˙, φ, φ˙
)
=
(
φ, φ˙
)
(20)
it represents a vector field invariant with respect to the
Hamiltonian flow vector XH. Roughly speaking, we have
unique (no intersecting trajectories) induced Hamilto-
nian vector field on
(
φ, φ˙
)
, reflecting the behavior of
the Hamiltonian vector field of the full phase space. All
points in 3−dimensional constrained surface C with the
same
(
φ, φ˙, sign(H)
)
values are mapped into one point
in
(
φ, φ˙
)
space. In GR the effective phase space is the
entire φ− φ˙ plane. In LQC the phase space is composed
of two ellipsoidal sheets, one for each sign(H), glued to-
gether at their boundaries, corresponding to H = 0. On
both sheets the phase space trajectories do not intersect.
So the effective dynamics of LQC can be considered as a
Hamiltonian flow on the reduced phase space of nontriv-
ial topology.
We denote induced vector field as v and define x =
φ, y = φ˙. The measure on
(
φ, φ˙
)
is a two-form σ that
can be written as
σ = f (x, y) dx ∧ dy (21)
for some function f . Conservation of the measure along
v is provided by Lvσ = 0, which can be expressed as
∇ (fv) = 0. (22)
It was shown [14, 16] that if there exist a function f
satisfying (22), it defines the measure on effective phase
space uniquely, i.e.
dΠφ ∧ dφ = fdφ˙ ∧ dφ, (23)
where Πφ is momentum conjugate to φ in
(
φ, φ˙
)
space.
Equation (23) shows that the natural Liouville measure
is equivalent to the measure fdφ˙∧dφ introduced by Rem-
men and Carroll [14].
The vector field v is given by
v = φ˙φˆ+ φ¨
ˆ˙
φ, (24)
where φ¨ is obtained from (9) and H from (12). If we
define the coordinates
x = φ =
r
m
cos θ, y = φ˙ = r sin θ, (25)
we have
ρ =
r2
2
, H2 =
4piGr2
3
(
1− r
2
2ρc
)
, (26)
and vector field v in polar coordinates:
5v = −3rH sin2 θrˆ− r (m+ 3H sin θ cos θ) θˆ, (27)
where we have used standard transformation
xˆ = m cos θrˆ−m sin θθˆ, yˆ = sin θrˆ+ cos θθˆ. (28)
Constraint (22) on the measure density f (r, θ) then be-
comes partial differential equation
1
r
∂r
(
Hr2f
)
sin2 θ+
m
3
∂θf+H∂θ (f sin θ cos θ) = 0. (29)
Inserting eq. (26) into eq. (29) one can derive the fol-
lowing result (the corresponding result within the general
relativity is obtained in [14]),
f = A
 1
r3
√
1− r22ρc
+
2
√
3piG sin θ cos θ
mr2
 , AR, (30)
with the plus sign coming from the negative H.
A measure on the space of trajectories (as opposed to
the effective phase space) can be constructed from the ef-
fective phase space measure on any surface transverse to
those trajectories, by demanding that the physical result
be independent of the chosen transverse curve [40]. It
can be any transverse slicing that evolves monotonically
in time, so we will take r
(∝ √ρ) = const surface and
parametrize it by the angular coordinate θ. For a bun-
dle of trajectories centered at the angle θ1 and spanned
by dθ1 on initial surface at the radius r, we can write
its probability measure as P (θ1) dθ1 and let it evolve to
another surface r = r2. Condition for the measure to be
conserved is then
P (θ1) |r1dθ1 = P (θ2) |r2dθ2. (31)
Now, for a region dθ1dr1 that evolves to dθ2dr2, we have
Liouville’s theorem for the effective phase space
f (r1, θ1) dθ1dr1 = f (r2, θ2) dθ2dr2, (32)
i.e. f satisfies (22). Comparing (31) and (32) we con-
clude that the probability distribution on the space of
trajectories, r = const surface, is P (θ) |r ∝ f(r, θ)dr.
We could have first divide (32) by dt (which we can do
since t evolves uniformly for all trajectories) thus obtain-
ing
P (θ) |r ∝ f (r, θ) |r˙|, (33)
with the proportionality constant given by the normal-
ization
´ 2pi
0
P (θ) |rdθ=1. For (30) and
|r˙| =
∣∣∣∣−3Hr φ˙2
∣∣∣∣ ' 2√3piGr2 sin2 θ (34)
we finally obtain
P (θ) |r = sin
2 θ
pi
+
√
3G
pi
2r sin3 θ cos θ
m
. (35)
This probability distribution of initial conditions is used
below to infer the generality of inflation.
B. Linsefors and Barrau measure
Closely following Linsefors and Barrau [30], we define
again x = φ, y = φ˙ so that ρ = 12
(
m2x2 + y2
)
and equa-
tions of motion for x,y and ρ are
x˙ = y, y˙ = −3Hy −m2x, ρ˙ = −3Hy2. (36)
Given the conditions for the prebounce oscillations,
ρ ρc, |H|  m; H ≈ −
√
8piGρ
3
, (37)
we can approximate x and y by
x =
√
ρ
m
sin (mt+ δ) , y =
√
ρ cos (mt+ δ) , (38)
which gives
ρ˙ =
√
24piGρ3/2 cos2 (mt+ δ) (39)
with the solution
ρ = ρ0
[
1−
√
3piGρ0
2
(
t+
1
2m
sin (2mt+ 2δ)
− 1
2m
sin (2δ)
)]−2
. (40)
Note the presence of an additional term with respect
to the corresponding Eq. (8) in [30]. In Fig. 2 we present
phase space trajectories on the φ−φ˙ plane near the origin,
where Eq. (40) is valid. In the limit t → −∞ one keeps
just the term proportional to t−2 in (40) (see e.g. [6])
corresponding to the solutions shown in Fig. 2a, where
the blue circle represents the constant density surface.
Full expression for the density, on the other hand gives
rise to a more complex structure shown in Fig. 2b.
The assumption on the measure in [30] is that the prob-
ability of initial conditions does not depend on δ, namely
P (δ) = const. (41)
For comparison with the previous subsection, notice δ =
pi/2− θ|t=0.
Comparing Fig. 2 a) and b) one can understand the
emergence of the separatrix at the contraction phase.
This separatrix is repulsive, in contrast to the attrac-
tive inflationary separatrix at the expansion phase. It
breaks down the symmetry of solution shown in Fig. 2a
6(a) Only the term t−2 is kept. Blue circle shows
the boundary ρ0 where initial conditions are set.
(b) Full asymptotic solution of the same
equations corresponding to Eq. (40). Red
curves denote repulsive separatrices.
Figure 2: Asymptotic solution of cosmological equations
of LQC with massive scalar field in the limit ρ→ 0
corresponding to Eqs. (38) and (40). The origin is
denoted by white circle.
and introduce an additional dependence of the probabil-
ity of solutions on the phase δ and on the mass m, see
Eq. (40).
After the oscillatory phase ends most solutions do not
follow this separatrix and this gives origin to the tendency
of the trajectories to end up with high probability at
the same point at the bounce. Although this has been
observed in [30], the explanation was lacking.
C. Narrow distribution
As a third choice of the measure we adopt for the prob-
ability distribution two short intervals of widths equal to
pi/20, with constant probability within. This choice of
the measure is not motivated by any physical arguments,
it just represents a narrow distribution in angle variable
and we intend to compare the probability distribution at
the bounce with other choices of the measure discussed
above.
D. Results
The set of initial probability density distributions is
shown in Fig. 4a. For the probability distribution (41)
we examine the dependence of the value of the field at
the bounce on the mass, by choosing initial conditions
at some r0  m, evolving them up to the bounce and
computing the mean 〈...〉 and the standard deviation σB
of the quantity φB sign
(
φ˙B
)
. Solutions at the bounce
can be parametrized by φB and sign
(
φ˙B
)
but, as done
in [30] we project them to the physically relevant pa-
rameters. Repeating the calculation for different masses
while keeping the ratio r0/m = 0.005, we obtain the re-
sult shown in Fig. 3, which can be reasonably fit with
the formulas〈
mφB sign
(
φ˙B
)〉
= m
(
0.32 + 0.16Log
(
1
m
))
,(42)
σB = 0.16m. (43)
These results imply that for mMPl for most trajecto-
ries the bounce occurs with σB and φB MPl.
We repeat the process of evolving trajectories and
computing the mean of the field value at the bounce
for all three choices of measure with the fixed mass
m = 1.21·10−6MPl, chosen for comparison with [30]. The
obtained probability density distributions of the variable〈
mφB sign
(
φ˙B
)〉
at the bounce are shown in Fig. 4b.
For initial conditions with the probability (41) we find
good agreement with the result of [30] where the distribu-
tion is found to be sharply peaked around 3.55 ·10−6M2Pl.
Surprisingly, other very different probability distribu-
tions also result in a similar distributions at the bounce,
despite so different choices of the measure in the remote
past. The field variable
〈
φB sign
(
φ˙B
)〉
is narrowly dis-
tributed in the region φ˙  M2Pl at the bounce for all
cases considered. Thus, our results show that there ex-
ists a kind of attractor also in the contracting branch,
and the field values on the bounce are virtually indepen-
dent of the initial probability distribution, as long at it
is smooth.
The number of e-folds during slow-roll inflation can be
estimated following [30] as
N = 2piGφ2max, (44)
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(a) Dependence of the peak of probability density distribution on
scalar field mass.
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(b) Dependence of the standard deviation in the probability
density distribution on scalar field mass.
Figure 3: Mass is given in Planck units.
so knowing the maximum value of the scalar field reached
after the bounce we can estimate the value of N . Since
φmax ≈ 2φB we find N ≈ 170.
We calculate numerically the number of e-foldings cor-
responding to the mean field value at the bounce for the
three cases, using
N =
ˆ tend
tin
Hdt, (45)
where tin and tend are the initial and ending time of the
inflation, respectively. As the start of the inflation we
take the time when field takes the maximum value after
the bounce, and for the end we take the |H| = m con-
dition. Particularly, we do not include super-inflation
phase into the number of e-folds calculation. We get
N ≈ 143 for the first two, and N ≈ 153 for the third
initial distribution.
Therefore, it is the main result of this paper that the
probability distribution at the bounce strongly depends
on mass of the scalar field, but weakly depends on initial
probability distribution in the remote past.
-3 -2 -1 1 2 3 δ
0.5
1.0
1.5
2.0
2.5
3.0
P(δ)
(a) Probability distributions for initial conditions in the
remote past given by: Eq. (41) - orange, Eq. (35) - red,
narrow distribution - blue. Vertical lines denote the values
of δ variable used in the calculations.
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ϕB Sign(ϕ B )
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PDF
(b) Probability distribution of the rescaled field values at
the bounce.
Figure 4: Initial probability distributions and
probability distributions at the bounce for all three
cases considered.
IV. DISCUSSION AND CONCLUSIONS
The main question arising from the results reported
above is why most solutions originating from the oscil-
latory contracting phase end up at the bounce having
very restricted values of the scalar field? This can be
understood as a consequence of the presence of repulsive
separatrix at the contraction phase, as well as small value
of the mass of the scalar field, compared with the Planck
mass, see Fig. 5.
Due to repulsive nature of the separatrix, most so-
lutions, starting at the origin, do not follow along it,
and deviate from it as early as possible. The separatrix
appears at small enough densities, see Fig. 2b above.
However, all solutions are located between the pair of re-
pulsive separatrices as long as the solution is oscillating
near the origin ρ = 0. This behavior breaks down when
H ∼ m, see Fig. 5. Then most solutions cannot prop-
agate to large values of φ at the contraction phase and
leave the region near the origin in the vertical direction
(see shaded region in Fig. 5). This picture corresponds
exactly to Fig. 4b.
8Figure 5: Solutions of the cosmological equations of
LQC in the φ− φ˙ diagram. All solutions start in the
distant past in the origin, pass through oscillatory
phase with increasing amplitude of oscillations and end
up at the bounce shown by the thick external circle.
Blue internal circle (obtained setting H = m) represents
the region where most solutions deviate from the
repulsive separatrix (located along the horizontal axis,
at which the Hubble parameter is nearly constant).
This region shrinks with decreasing mass (the value of
the mass in this figure is m = 0.1MPl selected for better
clarity). The red curve shows the complete most
probable solution originating from the remote past
(including both contraction and expansion phases).
This solution has no exponential contraction phase, but
it has a successful inflationary phase.
Therefore, indeed as pointed out in [30], there is a pre-
ferred set of cosmological solutions in LQC, which have
no exponential contraction phase, but possess a success-
ful inflationary phase. This is a direct consequence of the
prebounce evolution in LQC, specifically existence of the
repulsive separatrix in contracting phase. In other words,
one may say that there is an attractor behavior in LQC,
which not only ensures the successful inflation, but also
determines the prebounce evolution in LQC. This attrac-
tor is shown in Fig. 5 by the red curve.
Contrary to the assumptions made in previous litera-
ture,e.g. in [15, 27, 28], one consequence of our analysis is
a well defined probability distribution for the scalar field
at the bounce. This probability distribution is strongly
peaked at some particular scalar field values, see Fig. 4b.
This result hence impacts on the prediction of the dura-
tion of inflation, and it can be subject to precision tests,
such as CMB anisotropy measurements.
The analysis of this paper was based on the simplest
quadratic effective potential for the scalar field. Clearly,
many inflationary potentials share qualitative features
with such quadratic potential, see e.g. [25], therefore we
expect that obtained results are generic for inflationary
scenarios in Loop Quantum Cosmology.
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